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Orbital magnetization of graphene and graphene nanoribbons
We present a quantitative analysis on orbital magnetization of graphene under a magnetic field. The energy spectra were obtained by solving Harper equation for a honeycomb lattice. The effect of the next-nearest-neighbor hopping ͑NNNH͒ is to increase the period of the magnetic subbands in / 0 from 1 to 6 ͑where is the magnetic flux through a unit cell and 0 is the flux quanta͒. The shifts of the energy levels due to the NNNH vary with the magnetic field. The Holmholtz free energy at the points / 0 =6n + 1 is lowered as compared to that with the nearest neighbor hopping only. For graphene nanoribbons, the magnetic susceptibility is very sensitive to the ribbon width and chirality. The zero-field susceptibility increase with the ribbon width. © 2008 American Institute of Physics. ͓DOI: 10.1063/1.2930875͔
I. INTRODUCTION
The electronic properties of two-dimensional ͑2D͒ lattices under a uniform perpendicular magnetic field have been known to be dramatically changed by introducing a nonuniform part in the applied magnetic field.
1-7 For instance, for a square lattice, both the symmetry and the number of subbands in the energy spectrum are modified by introducing a field modulation. Besides, for the so-called T 3 lattice, which is a kind of non-Bravais lattice, not only the energy spectrum but also the localization property of an electronic state is significantly changed by the field modulation.
Recent progress in isolating single sheets of graphite [8] [9] [10] [11] has sparked interest in graphene-based nanoelectronics. Experiments have already demonstrated anticipated physics, such as electron-hole symmetry and the half-integer quantum Hall effect, 9,10 the finite conductivity at zero charge-carrier concentration, 9 the strong suppression of weak localization, [12] [13] [14] [15] etc. By further confining the electrons in the graphene plane, one can obtain one-dimensional structures which we refer to as graphene nanoribbons ͑GNRs͒. It has been suggested that these GNRs could be used as field-effect transistors. [16] [17] [18] These properties promise building blocks for the technological applications in molecular electronic and optoelectronic devices.
In graphene, the conduction and valance bands touch each other at isolated points in the Brillouin zone ͑K and KЈ͒. Undoped graphene is a gapless semiconductor, or a semimetal, with vanishing density of states at the Fermi level. Low-energy electronic states of graphene with a linear dispersion at the corner of the Brillouin zone are described by the "relativistic" massless Dirac equation. This relativistic kinematical description of graphene is confirmed in the quantum Hall studies 19 and gives us theoretical insight into exotic transport, 20 magnetic correlation, 21, 22 and dielectric 23 properties observed in this material. It is expected that the electrons in a honeycomb lattice can have very different thermodynamic properties, as compared to that of a free 2D electron gas. Under the nearestneighbor hopping ͑NNH͒ approximation, the magnetic subband has a symmetrical butterfly pattern and the period is the flux quanta 0 . When the next-NNH ͑NNNH͒ term is included, the period becomes 6 0 . We shall show that this will lead to a profound change in the thermodynamic properties of graphene. For the strength of NNNH around 10% of that of the NNH, the free energy at the points / 0 =6n +1 is lower. Our results suggests that while the NNNH term correction in the single electronic properties may be small, it leads to a much greater effect on the thermodynamic properties of a graphene. For GNRs, the magnetic susceptibility is very sensitive to the ribbon width and orientation. The zerofield orbital magnetic susceptibility increases with the ribbon width. The susceptibility for the zigzag width is round 50% stronger than that of the armchair ribbon.
The paper is organized as follows. In Sec. II, we introduce the model and discuss the basic processes of calculations. The energy spectrum of a graphene as a function of the magnetic flux is given. We then extend the discussion to the transverse finite graphene and show the magnetic subband structure for a ribbon. We explicitly compute orbital magnetizations of graphene and ribbon. Our numerical results are given in Sec. III. Finally, we summarize our results in Sec. IV.
II. ELECTRONIC PROPERTIES OF GRAPHENE UNDER A MAGNETIC FIELD
A unit cell, whose wave vectors are given by a 1 = ͱ 3a͑ ͱ 3 / 2,1/ 2͒ and a 2 = ͱ 3a͑ ͱ 3 / 2,−1/ 2͒ in a honeycomb lattice contains two atoms denoted as A and B, where a is the C-C bond length. The tight-binding electron spectrum of a 2D honeycomb lattice under a magnetic field can be obtained by solving the following Schrödinger equation:
where t is the NNH integral between i and j, tЈ is the NNH integral between i and k, and ␥ ij = ͑2 / 0 ͒͐ i j A · dl is the magnetic phase factor, with 0 = hc / e being the magnetic flux quantum. The eigenvalue problem can be written as 
where f = / 0 =3 ͱ 3Ba 2 / ͑2 0 ͒ is the magnetic flux through the hexagon in units of 0 . A and B are the wave functions of sublattices A and B. Because we choose the system as infinite in the y direction, we then assume plane wave behavior in the y direction
can be simplified as
͑4͒
By setting Bm = B ͑x͒ at x = ͑3a / 2͒m and Am = A ͑x͒ at x = ͑3a / 2͒m + a / 2, the above equation reads
where = ͑ ͱ 3a / 2͒k y . Similar for A sites, we have
͑6͒
These two equations can be written in a matrix form 
͑10͒
By diagonalizing the matrix, we can obtain 2q energy eigenvalues for a given k = ͑k x , k y ͒. However, when q is sufficiently large, the butterfly spectrum is the same to all of the k. now shifted to the negative energy side. The magnetic subband structure for a ribbon is shown in Fig. 3 . For ribbons along the y direction, the wave-vector k x is quantized by the boundary conditions. The ribbon boundaries lift the k y degeneracy and lead to a finite dispersion. In this case, the original magnetic bandgaps for infinite graphene are now filled with different k y levels. For a given k y , one finds a set of levels in the gap. The dots in Fig. 3 represent those levels for several different values of k y . If all k y levels are plotted, the original gap will be filled completely when viewed in two dimensions. However, the system is not gapless. When viewed in three dimensions, one can see energy gaps whose positions vary with k y .
III. ORBITAL MAGNETIZATION OF GRAPHENE
In this section, we will use the energy spectra of a graphene and a ribbon to calculate the orbital magnetization numerically. The magnetization can be obtained by the derivation of free energy with respect to the external magnetic field.
The Helmholtz free energy of the system is given as
Here, ␤ = ͑k B T͒ −1 and ␣ = ␤, the s summation is over these 2q energy eigenvalues. Because when q is sufficiently large, the butterfly spectrum almost the same to all the k. In our calculation, we choose q = 701 and ignore the summation over different k.
The magnetic field dependent free energy is plotted in the upper panel of Fig. 4 . For a 2D honeycomb lattice, there is no well-defined 1 / B, or the de Hass-van Alphen-type oscillation in the free energy because the gap of magnetic subband at given B is not constant. Under the nearest neighbor approximation, the free energy is symmetric about the B =1/ 2 point. The free energy has a local minimum at this point. Since the curve is periodic in / 0 , the global minima of the free energy occur at = n 0 , the thermodynamic equilibrium points. When the next nearest neighbor is included, the period of the free energy versus B field is 6, in this case, the free energy at original thermodynamic equilibrium points = 0 is lower than that for tЈ = 0 by an amount ⌬F / F Ϸ 2%. The constant magnetic field induced orbit magnetic moment of the electron orbit. The magnetization per electron is defined as M =−͑1 / N͒͑dF / dB͒. The M-B curves for both NNH and NNNH are shown in the lower panel of Fig. 4 . The magnetization oscillates with the B field rapidly, reflecting the fast sweeping of the chemical potential through the magnetic subband. The system changes back and forth between the paramagnetic and diamagnetic phases. For the field strength of practical interest, the graphene is in the diamagnetic phase. The effect of the NNNH term is quite significant. It enhanced M by around 100% at the thermodynamic equilibrium point of = 0 . In Fig. 5 , we plot the susceptibility =−͑1 / N͒͑d 2 F / dB 2 ͒ as a function of the magnetic field, the NNNH parameter is tЈ = 0.1t. When the hopping parameters are fixed, the susceptibility oscillation decreases as the temperature increases.
For GNRs, the susceptibility is dependent strongly on the width and orientation of the ribbon. In the calculation of free energy of ribbons, the s summation in Eq. ͑14͒ should be over 2W energy eigenvalues and the wave vector in the transport direction of a ribbon with width of W. In Fig. 6 , we show that the susceptibility with NNH is only for zigzag and armchair ribbons with various ribbon width. Moreover, the chemical potential is fixed to = 0. The edge states of the ribbon have a dominant effect on the low-field susceptibility. For both zigzag and armchair ribbons, the susceptibility increases rapidly as the ribbon width increases. This is mainly due to the fact that as the ribbon narrows, the edge states become more important. However, these edge states do not carry orbit magnetic moment at low field. For ribbons of same width, depends on the chirality of the ribbon. For ribbon width of 50, the zero-field susceptibility of the zigzag ribbon is around 20% stronger than that of the armchair ribbon. If the ribbon width is 20, this difference is more than 100%. As field intensity increases, the radius cyclotron orbit decreases and the edge states become less important. As a result, the difference in susceptibility of different ribbons disappears.
The temperature dependence of the susceptibility is shown in Fig. 7 . The oscillatory magnetization leads to both positive and negative susceptibilities, depending on the value of the B field. The magnitude of decreases as temperature increases. The temperature dependence around room temperature is close to the T −1 behavior. At a low field, is nearly temperature independent.
IV. SUMMARY
In summary, we have obtained a qualitative and quantitative results of the orbital magnetization in graphene and GNR. The magnetic field and temperature dependence of the magnetization and the magnetic susceptibility over a wide range of field and temperature range are presented at zero or finite temperatures, and at weak as well as strong magnetic fields. Our quantitative results indicate that the orbital magnetization is sensitive to the ribbon width and chirality, as well as the effect due the NNNH.
The result presented here should be useful in developing grapheme-based electronic and magnetoelectronic devices. Recently, there has been a great deal of renewed interest in magnetic properties of graphene-based structures. 20, 21 Most recent studies concentrated on the spin magnetization. Application of graphene in magnetoelectronics involves controlling the local magnetization of graphene or GNRs. In general, the magnetization of graphene has contributions from the spin of the electrons and from their orbital motion. Our result on the orbital magnetization, together with the result on magnetization due to electron spins, provides useful information in selecting graphene structures with desired magnetic properties. 
